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An adaptive extremum seeking control scheme for a class of nonlinear distributed
parameter systems is presented. It addresses the real-time optimization of a parallel
chemical reaction system in an isothermal tubular reactor with uniform distributed feed
described by a set of hyperbolic partial differential equations. Only limited knowledge of
the kinetics is assumed. An adaptive learning technique is introduced to design an
extremum seeking algorithm that drives the system states to a set point that maximizes the
value of an objective function. Lyapunov’s stability theorem is used in the design of the
extremum seeking controller structure and the development of the parameter learning
laws.© 2006 American Institute of Chemical Engineers AICKE J, 52: 2120-2128, 2006
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Introduction

In the field of chemical reaction engineering, considerable
research and development have been dedicated to the im-
provement of selectivity in parallel reaction systems via the
development of new catalysts. This objective can, however,
be achieved by alternative approaches. The concentration of
reactants plays a central role in the product distribution in a
parallel reaction system.! Moreover, reaction orders in the
kinetic relations are of prime importance.>* A high reactant
concentration favors the highest apparent order reaction,
while a low concentration favors the lowest apparent order
reaction. In the classical study of tubular reactors, the reac-
tants are fed at the reactor input and the product is collected
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at the output. It is obviously difficult, if not impossible, to
obtain some desired concentration profile along the reactor
by only acting on the inlet concentration. If, on the other
hand, a distributed feeding strategy is possible, then the
reactants can be introduced either at the reactor input or at
different points along the reactor.

Different research works have investigated the use of feed
distribution to increase the selectivity of parallel reactions.*$
The results of these works are based on the perfect knowledge
of the structure and the parameters of the reaction kinetics. This
is especially true in the application of optimal controller de-
sign, where a perfect knowledge of the process model is
required to perform a reliable off-line optimization.” Since the
reaction kinetics may be badly known in practice, optimal
control based on approximate kinetic models can often result in
poor performance of the system.

Since the optimal set point depends on the process parame-
ters, we consider here control approaches that optimize process
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performance in the presence of model uncertainties, as in
adaptive extremum seeking control.!0-12

In this study we extend the previous results of adaptive
extremum seeking to a class of problems described by a set of
hyperbolic partial differential equations. We investigate an
extremum seeking algorithm for isothermal tubular reactors
with distributed feed. The problem consists of finding the
optimal exit fraction of the product of interest resulting from a
gas phase parallel reactions scheme. The tubular reactors with
distributed feed include different feed policies, such as discrete
feed equally spaced and/or equally distributed or continuous
feed.2> Performances of the tubular reactor are directly linked
to the feed configuration. Increasing the number of injection
points increases the performance of the reactor for favorable
kinetics.? The discrete feed becomes continuous when the
number of injection points tends to infinity. In this article, we
focus on uniform (continuous) distributed feed, which can be
realized in practice through, for example, a membrane reactor.
The uniform distributed feed can be described with a single
variable independent of the spatial coordinate. Since the dis-
tribution profile of the feed is uniform along the tubular reactor,
the distributed feed is completely defined by its magnitude.
This configuration allows study of the behavior of the adaptive
extremum seeking controller for systems described by partial
differential equations.

The reactor configuration considered in this study is a one-
dimensional tubular reactor with two reactants, one being fed
along the reactor length and the other being fed at the reactor
input. Furthermore, the uniform distributed feed is kept within
a realistic range by introducing input constraints into the def-
inition of the problem. Indeed, a modified cost function is used
to account for the input constraints.

Moreover, we assume a limited knowledge of the reaction
kinetics. Therefore, a Lyapunov-based adaptive learning con-
trol technique is used to steer the system to its unknown
extremum. We also show that a persistence of excitation (PE)
condition is necessary to guarantee the convergence of the
extremum seeking mechanism.

The article is organized as follows. First we present the
model of the tubular reactor with distributed feed. We then
describe the problem and provide some preliminary analysis.
Then the parameter estimation algorithm and the controller are
designed based on Lyapunov functions. Finally, we provide
simulation results that illustrate the performance of the con-
troller.

Reactor Modeling

We first derive the model of the isothermal tubular reactor
with distributed feed using component balances. Note that this
model is not directly used in the solution of the real-time
optimization problem. The model is designed to check the
efficiency of the extremum seeking controller on a simulated
tubular reactor with distributed feed.

The reactor is supposed to operate in plug-flow without
diffusion. The reaction considered in this study is assumed to
be a gas phase reaction with mole number variation. Under
these assumptions, a differential section of the tubular reactor
can be represented as in Figure 1.

The variable N, is the number of mole of component i in the
differential volume dV, while F; and (—r;) are the molar flow
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Figure 1. Tubular reactor with uniform distributed feed.

rate and the rate of disappearance of component i by the
reaction per unit of volume, respectively. The quantity gdz is
the volume flow introduced in the differential section by the
distributed feed, and C¥" is the concentration of component i in
the distributed feed. The mass balance equation is:

N,
Jat

= —dF, + rdV + qC"dz. (1)

The molar flow rate F; is the product between the volume flow
v and the concentration C; in the reactor, while the number of
moles V, is the product between the differential volume dV and
the concentration C,. Then, by dividing by dV, Eq. 1 becomes:

8Ci_ v IC; C,~8v+ +qcin 5
ar  Saz Saz ' @

where S is the section of the tubular reactor.

Let us now derive the expression for dv/dz. The mass
balance for the total concentration C,,, is given by summing
Eq. 2 for all components (reactants, products, and inert gas):

n
le a v

q .
[ — + '+7 in
TS s gn S )

where n is the number of components and C, is the total
concentration in the distributed feed. If the tubular reactor
operates at constant pressure, the ideal gas law gives that the
total concentration is a constant, that is:

a Cl()l a CI()I

o oz ®

Moreover, if the temperature and the pressure in the distributed
feed are the same as in the feed at the reactor input, the total
concentration in the distributed feed C%, is the same as the total
concentration C,,,. By rearranging the terms, Eq. 3 becomes:

181}_ 1 é N
Saz C,, ="

toti 1

. (5)
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A general model for the tubular reactor with distributed feed
is derived from Eqgs. 2 and 5 by using the following dimen-
sionless variables:

LS t ¢ z TV,
T=—), =—, =—, =
Uy T L Ctot
in
x—C' x’”—Ci u—% v’—i
i - b l - 9 - 9 -
Cmt Cmt Yo U

where v, is the volume flow rate at the reactor input.
The dimensionless model of the tubular reactor with distrib-
uted feed is given by:

0x; L 0x; v’
a0 U o Mo

+ 7+ uxt (6)

where # € R" and £ € [0, 1] are the time and space variables;
x; € Sy C R" is the fraction of component i; v' € §, C R*
is the dimensionless flow rate; and u € S, C R" is the
distributed feed (control action). The initial condition is given
by:

x(0, &) = x7' (7)
while the boundary conditions are given by:
xi(o, O) = Xios U’(O, O) = . (8)

Problem Formulation

The problem considered in this article is to optimize a
chemical reaction scheme with favorable kinetics? in a tubular
reactor. As a case study, the following gas phase parallel
chemical reactions are considered:

ki

TIA + B — ch + TEIE

k,

A + B — 1,D + TR (&)

where the reaction kinetics depend on reactant partial pres-
sures:

re = f1(Py, Py) (10)
rD:fZ(PA’ Pp) (1)

This general case can be illustrated by oxidation or oxidative
dehydrogenation of hydrocarbon.!3-'¢ A more specific case is
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the oxidation of ethylene, which is used for the simulation of
the proposed controller.

The objective is to maximize the fraction of the product of
interest C at the reactor output. The selectivity of C can be
defined by the ratio of the production rate of C with the
production rate of the undesired by product D:

r P,, P
Szﬁzfl( A B). (12)
I'p 2(Py, Pp)

The tubular reactor with uniform distributed feed of A can be
useful if the selectivity of C is improved by maintaining a low
concentration of A.23

Here we assume that the measurements of the fraction of C
at the reactor output are available on-line and that the reaction
rates are unknown. The objective is to find the value of the
uniform distributed feed u that maximizes the reactor exit
fraction of C at steady state.

Note that at steady state, the exit fraction of C (x¢¥) is a
function only of the distributed feed, denoted (1), all other
parameters being constant.

Assumption 1. The function m(u) is continuously differen-
tiable and admits a maximum on S,.

Since an analytical solution of Eq. 6 is difficult, if not
impossible, to obtain even if the reaction rates are known, an
analytical expression for 7(u) cannot be derived. Let us, there-
fore, choose to parameterize this unknown function by using a
universal approximation,!®12 for example:

m(u) = W'S(u) + p(0) 13)

where u,(6) is the NN approximation error and where S, the
basis function vector, is given by:

S(u) = [s(), s5(u), . .., su)]" (14)

—(u — (.D(i::(u - QDi)) _ (u ;;Pi)z (15)

with s;,(u) = exp(
v

fori = 1,2,. ...l The basis weights parameters W are assumed
to take values in a compact set of R". The functional approxi-
mation of the equilibrium manifold is dependent on the center
of the receptive field ¢, and on the width of the Gaussian
function o;. The convexity of the functions s,(u) is ensured by
choosing an appropriate value for o. Universal approximation
results stated in [17] and [18] indicate that if [ is chosen
sufficiently large, then W”S(x) can approximate any continuous
function to any desired accuracy on a compact set. Then, even
if the network of chemical reactions (Eq. 9) is more complex
than a two reaction system, the neural network approximation
technique can approximate the more complex function 7r(u)
without increasing the computational complexity.

From a physical point of view all variables in the system
(Eq. 6) are continuous functions of space and time. As a result,
the steady-state exit fraction of C (x¢¥) noted w(u(6)) is a
continuous function of time. The continuity of the approxima-
tion error is then guaranteed by the continuity of basis func-
tions. Moreover, the continuity and the bound of the approxi-
mation error justify the following assumption:
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Assumption 2. The NN approximation error satisfies
[ow,(0)/96] < djx, with constant dii, > 0 over a compact set
in R,

Controller Design

In this section of the article the control law is designed to
steer the system to its unknown maximum. Constraints are
imposed in the optimization problem to maintain the control
action in a realistic range.

This section is organized as follows. The cost function to
optimize is first defined. The control law to steer the system to
the estimate optimum is then derived. Finally, an adaptive
technique is designed that ensures the convergence of the
reactor system to the true unknown optimum.

Optimum condition

The objective of the control strategy is to track the optimum
steady-state fraction of C at the reactor output. The correspond-
ing optimization problem is stated as follows:

AR
max xg°

u

St Uiy < U < Upyy (16)

To solve this problem, we define a cost function with log-
barrier functions'® to account for the input constraints:
J(l/{) = xé(; + I“Lllog(u  Upmin — 81)

+ I"Qlog(umax —u—- 82) (17)
where u,, W, &, &, are strictly positive constants. An appro-
priate choice of these constants allows preserving the shape of
the function x¢® on the available range of the control action
while the cost function will sharply decrease close to the
boundaries.

Under the assumption of convexity of J(u), the cost function
is maximized when

aJ
n (u*) = 0. (18)

By using the parameterization (Eq. 13), the cost function
becomes:

J(u) = W'S(u) + pilog(u — ty, — &)
+ MZlog(umax —u—- 82)' (19)

Since the true parameters W are assumed to be unknown, the
following cost function is considered:

J(u) = WS(u) + pilog(u — iy — &)
+ I‘LZIOg(umax —u—- 82) (20)

where W is the estimate of W. Consequently, the optimum #*
is the solution of:

AIChE Journal June 2006 Vol. 52, No. 6

Published on behalf of the AIChE

o (@%) = 0. 1)

The gradient of J(u) with respect to u is equal to:

EN
r, = (WT (u)) . ey B o 22

du T Umin T &) Upax — U = &

while the Hessian of J(u) with respect to u is written as
follows:

. (WTaZS(u)>
L=

ou’

_ My _ Mo
(M — Umin — 81)2 (umax —u- 82)2 ’

(23)

In the following subsection, an appropriate control law is
designed to steer the system to its maximum.

Optimum tracking

The objective of the control law is to drive the control action
to the value that cancels the gradient I';.
Let us define:

z, =T, —d(6) (24)

where d(0) is a dither signal. The dither signal is introduced to
guarantee the convergence of the estimate parameters. This
assertion is demonstrated in the last subsection.

The convergence of z, to zero is analyzed by using Lyapunov
theory.

Let us consider the Lyapunov function candidate:

1
V, = 2 22 (25)

By taking the time derivative of V,, we obtain:
. 2 0S8
Vi=z| I + WTE —d(0) (26)

To achieve the negative definiteness of V,, the following
dynamical control law is used:

TN G 27
i = ke W2 deo) @7)

where k. > 0 is a gain to be assigned. The substitution of Eq.
27 into Eq. 26 yields:

V= —kz. (28)

Hence, according to Lyapunov theory, the control law de-
scribed by Eq. 27 guarantees the convergence to the maximum
of the cost function (Eq. 20). Since the kinetic parameters are
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assumed to be unknown, an update law for these parameters is
needed to reconstruct the unknown function 7 (u).

Adaptation law

The fraction x, is the sum between the steady-state fraction
(x¢) and the transient fraction (Ax):

xc(6, 1) = xP(u(0), 1) + Ax(0). (29)

By using the neural network approximation, the variation of
C at the reactor output can be expressed by:

I 9Ax(6)

(6, 1 —WTaS'+
(0. 1) = Wi+ 96

(30)

Even if x, is measured at the reactor output, its time evolu-
tion is unknown because W is unknown. The estimate £, is
generated by the following estimation law:

. ... 08 A
i0,1)= WTa i+ c(0)'W+k(xe— %0 (3D

where ¢(0) are time-varying vector valued functions and k, is
a strictly positive constant.

The dynamics of the estimation error (£~ = x- — £o) is
given by:

~T§u % anC(G)
du a0 a0

Xc =

— ()W — ki, (32)

where W = W — W is the vector of parameter estimation
errors. Note that in the rest of the article, ¥-(0, 1) will be
denoted by X.

The next step is to prove that the estimation error X and the
parameter estimation errors W converge to zero. In that case,
the optimum of the approximate function reached in the opti-
mization step will be in the neighborhood of the real optimum
of the system.

Let us define:

n=x.—c(0)'W (33)

and the following Lyapunov function:
Va=35 . (34)

Its time derivative is given by the following expression:

. A i IAx(0)
= T__ —_
& ”(W PR IT

— ke — c(e)Tvif). 35)

Substitution of Eq. 33 into Eq. 35 yields:
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. _0S m
= T___ —_
V, n(W 6uu+ 70

IAXA(0)
+ e

36 km — kc(0)'W — c'(e)TW). (36)

Let us consider that ¢(0) is given by:

o KN
¢(0) = —kuc(0) + i (37

with k., > 0.
Substitution of Eq. 37 into Eq. 36 gives:

. Iy 0Axc(0)
Vo= ke’ + ot (38)

Assumption 3. The time derivative of Ax(6) is bounded:
[0Ax-(0)/00] < dAx. with dAx, > 0.
The rate of growth of the transient Ax~(0) is given by:

axc(0) 3 AxP(u(0)) ou(0) 0Ax-(0)
90 u 90 96

From a physical point of view, all variables in Eq. 6 are
continuous bounded functions of time. The rate of growth of
the exit fraction of C (dx-(6)/960) is then a continuous
bounded function of time. For the same reasons, the steady
state solution of Eq. 6 gives that d x¢*(u(0))/du is a continuous
bounded function of time. Finally, the bound of the dynamic
control (Eq. 71) fulfills Assumption 3.

By using the upper bounds |0 u,/90| < djx, and |0Ax-(0)/
a0 < dAx, we get:

Vo= —k2? + dam + dAxen. 39)

By completing the square, Eq. 39 becomes:

_ AT R
Vo= —(k =5 =5 )0+ g dist + 5 dBae @0)

where k, and k, are positive constants. The exponential con-
vergence of the state m is guaranteed by using an appropriate
gain function k,. Indeed, by setting the gain equal to:

k. =k ki ke 41
x n+2+2 ()

where k, > 0, we obtain the following inequality:
V,= 2kv+ld-2+ld52 42
2= nv2 2k1 1 2k2 Xc- ( )

By integrating Eq. 42 we get:
Vy(0) = aje 2000 4+ @, (43)
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where o, Vy(0) and o, = (1/2kk)dp; + (1/
2k,k,)dAxE.

The exponential convergence of the state m is given by:
[l = aze ™% + a, (44)

where a3 = V2V,(0,) and a, = (1/Vkk,)|dp,| + (1/
Vkk,)|dAx].

Consequently, Eq. 44 shows that the state 1 converges to a
small neighborhood of the origin.

It remains to show that the estimation error ¥~ and the
parameter estimation errors W converge to a small neighbor-
hood of the origin. This can be achieved by using an appro-
priate choice of the parameter update law. Since ¥ is known,
we can choose the parameter update law as follows:

W = y,c(8) ic. (45)

To guarantee that our parameters remain in a compact set
Q),, defined by:

Q, = {W W] = w,} (46)

we use the following projection algorithm:

'YWC( 9))2’6‘ if ||W’” < w,, Or
| i 1] =
W= and We(0)ic =0, (47)
Svarvi
’YW(I — W)c(@)fc otherwise

In the following, we show that under suitable assumptions,
the parameter update law (Eq. 47) guarantees the convergence
of the parameter estimation errors to zero.

Lemma 1. Consider the differential equation:

2(0) = —d(0)(6)"=(6) (48)

and assume that there exist two positive constants 7 and k such
that:

0+T
J d(T)d(7)TdT = ki (49)
0

then the origin is a globally exponentially stable equilibrium of
the system.

The proof of this lemma can be found in [20].

Assumption 4. The dither signal d(0) is such that the time-
varying vector c¢(0) satisfies:

0+T
f c(t)e(n)’dr = kyly
0

for positive constants 7 and k.

AIChE Journal June 2006 Vol. 52, No. 6

Published on behalf of the AIChE

Under Assumption 4, Lemma 1 shows that the origin of the
differential equation:

W= —ry,c(0)c(0)'W (50)

is an exponentially stable equilibrium. Moreover, the proof of
Lemma 1 shows that:

—We(0)c(0)W = —k,|WiP GD

with k,, a positive constant.
Let us define the Lyapunov function:

v, WIW. (52)

T2y,

The rate of change of V,, along the trajectories of the system
is given by:

V,=—W'e(0)c(0)'W— We(0)n

0 if [|W] < W, or
if [ ] = w,
+ and We(0)%- =0,
wr L/WT 0)c(6)'W + (0 otherwise
— wis
Wiy (< )c(6) c(0)m)
(53)
The property of the projection algorithm shows that:
V,= —W'ic(0)c(0)'W— We(d)n. (54)
By completing the squares we get:
) 1 .1
V,=— 3 We(0)c(0)'W + 3 . (55)

Introducing Eq. 51 into Eq. 55 leads to:

k 1 1
Y —_ "R 2 = )
VW = 2 ||WH + 2 77 k»1fyvvvw’ + 2 77 . (56)

Integration of Eq. 56 yields:

0 (7)2
V,(0) = V,(Bp)e 0 + f e lm(0=9 Lz dr. (57)

[

The analytical expression of V, () is derived by introducing
Eq. 43 into Eq. 57:

V() = V(e
0

+ e om0 e 2KAO070) o YdT  (58)
0o
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= ase—,\.(e—eu) + g (59)
where
)\1 = min{kwyw’ 2k"7}’ (60)
_ 0, = - ‘!
s = max ‘/w( 0)’ kw%: - 2k'q ’ kw’Yw ’ ( )
(¢%)
g = kw'yw . (62)

The exponential convergence of the parameter estimation
error is given by:

W] = aze ™% + (63)
where
LS
A, = min ) skt (64)
2y, a,
a; = max{ VEVWVW(%), \ m , \/kw ,  (65)
2a2
ag = k- (66)

The above proof shows that the parameter estimation errors
converge to an adjustable neighborhood of the origin by in-
creasing the controller gains.

By using Eq. 33, the estimation error is bounded as follows:

%l = llnll + fle()] [WIl. (67)

Equations 44 and 63 show that |n| and ||W]| are bounded.
The exponential convergence of the estimation error X is then
demonstrated if the signal ¢(6) is also bounded. The signal
c(0) is the solution of:

) ~as
¢(0) = —k.c(0) + i (68)

Under the assumption that |1z(9S/du)|| is bounded by B, the
following expression is satisfied:

le(®)] = e(Bplle e + P (©9)

Let us show that the bound S exists and is finite.
From Eq. 14 we get:

aS (umax - umin)
| = P —
‘ o = 2 N (70)
2126 DOI 10.1002/aic Published on behalf of the AIChE

under the assumption that u,,;, < ¢; < u,,,, and where o,, =
min{o, o;} for 1 =i =1

The bound of the dynamic control law is derived from Eq.
27:

o AR -
el = gy (Rl + 001 5] + 1aconn).

The strictly positivity of I', is guaranteed by the convexity

condition. Moreover, the norms ||z, |W||, and [|aS/du|| are
bounded from Eqgs. 28, 63, and 70, respectively. The dynamic
control law is then bounded by choosing a bounded dither
signal. This shows that [ii(9S/du)| is bounded by a positive
real value (3.

The convergence of the estimation error X is then given by:

s

I = e+ + (Jecaple o + £

X (e 200 4 ) < e PO 4 o (72)

where
)\3 = min{km kxa )\Za kx + )\2}5 (73)
B
Q9 = maxy o, 047”0(90)”, Q; . a8||C(90) s (74)
B
) = maxy oy, Qg ol (75)

The convergence of the estimated gradient z, and the esti-
mation error X~ provides the convergence of the closed-loop
system to an adjustable neighborhood of the unknown steady-
state optimum.

Theorem 1. Consider the parallel reactions (Eq. 9) taking
place in a tubular reactor with uniform distributed feed. The
control law (Eq. 27) with the parameter update law (Eq. 47)
and the persistent excitation condition such that:

j c(r)e(n)" = kyly

for positive constants T and k, drive the system (Eq. 6) to the
maximum exit concentration of the product of interest.

Proof. The proof is straightforward from the above argu-
ments and is omitted.

Simulation Results

This section presents simulation results of the proposed
adaptive extremum seeking controller applied to ethylene ep-
oxidation. The epoxidation of ethylene produces ethylene ox-
ide, which is an important industrial chemical in the production
of ethylene glycol and other chemicals.?!

The reaction scheme is generally considered to be given by
the following parallel network!'3!5:

June 2006 Vol. 52, No. 6 AIChE Journal



Table 1. Kinetic Parameters Values

Parameter r 7y
ko, mol/l s bar' " 1.4510° 1.96 10°
E,., Kl/mol 60.7 73.2
K, bar™! 6.50 4.33
n; 0.58 0.30

1
+%0, » CHO
/f"r!)
CH, <
~.2

+30, ™ 2C0,+2H,0

The rate of oxidation of the ethylene oxide is generally much
smaller than the other two reactions. Lafarga et al.' proposed
the following reaction rates for both reactions:

kPP,

"7 ¥ KLPy)?

(76)

where Py and P, are the partial pressure of ethylene and
oxygen, respectively, and k;, K, and n; are kinetic parameters
presented in Table 1.

The selectivity of ethylene oxide increases if the partial
pressure of ethylene decreases. The ethylene is then distributed
along the reactor while the oxygen is fed at the reactor input.

The tubular reactor with distributed feed is simulated using
the model described by Eq. 6 The fractions of ethylene, oxy-
gen, and ethylene oxide are noted by x,, xz, and x., respec-
tively. The initial conditions are set equal to:

xA(O’ g) = 09

x5(0, ) = 0.1, x0, &€ =0

while we consider the boundary conditions are set equal to:
Xp0=0, x5 =0.1, x5=0, vi=1.
The composition of the distributed feed is:
xt=04, xXr=0, xt=0.
The centers of neural network approximation functions are

evenly spaced points on the interval [0, 1] and the width o; is
set to 2.50 for 1 = i = 6 while o is set to 1.25.

Table 2. Controller Parameters

Parameters Value
umin’ umax 0’ 1

My, Mo 0.001, 0.001
£, & 0.001, 0.001
ky 1

k., 1

k. 1

Yo 10°

W 100
d(0) 0

c(0) [000000]”

W(0) [ri1rr1y”
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Optimum

XC H O (%)

0 005 01 015 02 025 03 0.35 04
u

Figure 2. Phase diagram.

To ensure sufficient excitation, the dither signal is defined as
follows!0-12;

d(0) = —k,d(0) + a(0) a7
with k, a strictly positive constant and:

10

a(0) = D, (Asin(w;0) + Aycos(w;0)) (78)

i=1

where A;; and A,; are chosen as unit random numbers and w;
are different frequencies.

The design parameters are presented in Table 2.

The simulation results are shown in Figures 2-4. Figure 2
shows the research path of the adaptive extremum seeking
algorithm. We see that the control action u is kept within the
constraints. Figures 3 and 4 present the evolution of the cor-
responding control input and exit fraction of ethylene oxide,
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Figure 3. Concentration of ethylene oxide at the reactor
output X4 (“—7) and its maximum Xcopa0*

(u_ _u).
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Figure 4. Control input u (“—”) and the optimal control

input u* (“- -”).

respectively. The simulations demonstrate that the adaptive
controller recovers the unknown optimum with only measure-
ments of the exit fraction of ethylene oxide.

Note that the choice of the controller gains is not trivial. The
convergence rate equations (Eqs. 26, 63, and 72) show that the
rate of convergence to the true optimum increases if the gains
k., k., and v, increase. Moreover, the radius of the neighbor-
hood of convergence decreases if the gains k, and vy,, increase.
However, a large value for the gain k, can cause a rapid
convergence of the signal ¢(6) to a neighborhood of zero. If
the signal c(6) becomes too small, the persistence of excitation
condition is no longer satisfied in practice and the adaptation of
the parameter estimates stops. Therefore, the gain k, must not
be too large in order to guarantee the convergence of the
estimate parameters, yet not too small in order to guarantee a
rate of convergence sufficiently fast.

Conclusions

We have solved a class of extremum seeking control prob-
lems for tubular reactors with uniform distributed feed and
unknown reaction kinetic rate expressions subject to control
action constraints. An adaptive learning technique was used to
derive a relation between the exit fraction of the product of
interest and the distributed feed. The adaptive extremum seek-
ing algorithm converges to a small neighborhood of the un-
known optimum when the dither signal satisfies a persistence
of excitation condition.

Future works will concentrate on the case where the product
of interest is not available for on-line measurement and the
more general case where the distributed feed is not uniform.
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